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We study fidelity and fidelity susceptibility by addition of entanglement of entropy in the one-
dimensional quantum compass model in a transverse magnetic field. All four recognized gapped
regions in the ground-state phase diagram (GSPD) are in the range of our calculation. We show
that the difference between the position of the sharp drop of fidelity h∗ from real critical field hc is
inversely related to the number of particles (N) with a relation such as h∗ = hc + ΣjcjN
−1/ν for
a finite chain. In this relation ν is the correlation length critical exponent. The scaling behavior
of the extremum of fidelity susceptibility shows that the amount of ν depends on the selected area
of GSPD. Furthermore, we calculated a recently proposed quantum information theoretic measure,
Von-Neumann entropy, and show that this measure provides appropriate signatures of the quantum
phase transitions (QPT)s occurring at the critical fields. We calculated Von-Neumann entropy
between one-, two- and three-particle blocks with the rest of the system. We show that in an
alternating model such as quantum compass model, the value of entanglement between a two-
particle block with the rest of the system is more dependent on the power of exchange couplings
connecting the block with the rest of the system than the power of exchange coupling between two
particles in the own block. In other words, a pair with a strong coupling does not see the rest of the
system. Also, in some areas of GSPD, amount of entanglement of a two-particle block in an odd
link is the same as that of an even link in a factorized point independent on where the block is.
PACS numbers: 05.70Jk; 03.67.-a;64.70.Tg;75.10.Pq
I. INTRODUCTION
Recently, much attention has been paid to the role
of orbital degrees of freedom in some materials such as
transition metal compounds1–3. In some these materi-
als, the d orbital degeneracy of transition metal ions is
incompletely lifted, and the remaining orbital degrees
of freedom can be generally characterized by localized
S=1/2 pseudo spins, which have been bond-selective
interactions4. Subsequently; a frustration induces in the
interactions among different bonds4,5. Mott insulators6–8
such as Sr2IrO4, Colossal magnetoresistances
9, high-
temperature superconductivities10 and so on indicate
many significant roles of orbital degrees of freedom.
A proposal model for describing quantitatively the na-
ture of the orbital states is the quantum compass model.
The observed microscopic treatment of Mott-insulators
with orbit degeneracy by a pseudo-spin caused that this
model be suggested6. However the quantum compass
model has been developed to any materials with com-
plex interplay between orbital, spin, charge and lattice
degrees of freedom. In the quantum compass model, the
orbital degrees of freedom are represented by pseudo-spin
operators and coupled anisotropically in such a way as to
mimic the competition between orbital ordering in differ-
ent directions, where the coupling along one of the bonds
is Ising type, but different spin components are active in
other bonds directions13,14.
The one-dimensional quantum compass model, known
as the quantum compass chain (QCC), is exactly solv-
able by mapping to quantum Ising model13. Its GSPD
is extremely rich as it exhibits interesting properties
FIG. 1: (Color online.) the GSPD of the QCC in the absence
a magnetic field and the presence of it26
.
while approaching to the quantum critical point at zero
temperature14 and induces various fascinating physical
phenomena. Characteristic features of interplay spin-
orbital in the QCCs can play a dominant role in the quan-
tum information theory and enhanced quantum effects
and may lead to entangled spin-orbital ground state15. In
the absence of the magnetic field, the GSPD is divided to
four gapped regions14,16. These regions are separated by
two interesting transition lines. A line of the first-order
phase transition crosses with a line of the second-order
2phase transition. The point of joint of them is known the
multicritical point.
QPTs take place when controlling parameter changes
across critical point, and some properties of the many-
body system will change dramatically17. Therefore, since
the exotic magnetic behaviors at the QPTs are observed,
many scientists are interested to research phenomena
that appear QPTs. During the past few years, some
important concepts in quantum information theory have
been introduced to characterize QPTs18. For instance,
entanglement, which is one of the main concepts in
quantum information theory, can offer a useful signa-
ture for some QPTs18. Several measures of entangle-
ment have been used to investigate states of matter18,19.
Among them, the Von-Neumann entanglement entropy
(EE) quantifies the bipartite entanglement between two
parts of a quantum system20. Besides entanglement; fi-
delity is another quantum information concept, which
has also been applied in characterizing QPTs. Fidelity is
an overlap between two quantum states and can measure
the similarity between them21–23.
In this work, it would be interesting to investigate the
fidelity and fidelity susceptibility on the ground state of
QCC for the all of the GSPD of QCC in the presence
of a magnetic field in the framework of Lanczos method.
The first point worth to emphasize is, Ke-Wei Sun and
Quing-Hu Chen24 have investigated fidelity and fidelity
susceptibility of QCC, but their results solely restricted
to move on the first and the second-order phase transition
lines14,16 of the GSPD of QCC. Their studies couldn’t
cover the all of the GSPD of QCC. The second point
worth to emphasize is that our results obtained from
the finite size scaling techniques are a bit different from
the achieved critical exponents in Ref.[25]. Probably, it
seems that the some corrections are needed for its re-
sults about the correlation length critical exponent. In
addition, in this paper, we have noted to entanglement
of entropy of QCC in a new point of view by numerical
Lanczos method.
This paper is organized as follows. In section II, be-
sides introducing the Hamiltonian of the one-dimensional
quantum compass model, we will assign to the type of
phases of QCC which recognized26 in the presence of a
magnetic field. In section III, we present our numeri-
cal results, which include the fidelity and fidelity sus-
ceptibility in different regions of the GSPD. In addition,
Von-Neumann entropy is noted in section IV. Finally, a
summary is presented in section V.
II. NUMERICAL METHOD
Our numerical experiments have been focused on the
ground state phases of the QCC by considering a uniform
magnetic field as a control parameter. The Hamiltonian
of this model in the presence of a transverse magnetic
field with periodic boundary condition is given by25,26:
H =
N/2∑
i=1
J1S
z
2i−1S
z
2i + J2S
x
2i−1S
x
2i + L1S
z
2iS
z
2i+1
− h
N∑
i=1
Syi , (1)
where S = 12σ
α
i and σ
α
i is the Pauli matrix in direc-
tion α(x, y, z) on site i, N is the number of the sites
and J1, J2, L1 are the exchange couplings. One of the
most accurate numerical methods for the study of zero
temperature behavior is the Lonczos method which is
used to diagonalize exactly quantum compass chains with
lengths up to N = 24 and periodic boundary condi-
tions for different values of the exchanges. It has been
demonstrated that in the absence of any magnetic field,
there are four regions based on exchange measures14,16:
(I.)J1/L1 < 0, J2/L1 > 1 (1st), (II.)J1/L1 > 0, J2/L1 >
1 (2nd), (III.)J1/L1 < 0, J2/L1 < 1 (3rd), (IV.)J1/L1 >
0, J2/L1 < 1 (4th). Picking out various exchange cou-
plings, the system may be placed in one of the various
regions of the GSPD. As Fig. 1 presents, in the presence
of a magnetic field the system in the region (I.) shows a
phase with a hidden order (HO) and a saturated ferro-
magnetic (SFM) phase and there are no quantum phase
transitions; furthermore, the system in the region (II.)
exhibits three quantum phases with different order pa-
rameters in the presence of a magnetic field. HO phase
is followed by a spin-flop (SF) phase, and the final phase
is SFM. So, two QPTs have been recognized in the region
(II.). Each of the regions (III.) and (IV.) has one criti-
cal point connecting respectively stripe antiferromagnetic
(SAF) phase and Ne´el phase to a saturated ferromagnetic
phase26.
III. FIDELITY AND FIDELITY
SUSCEPTIBILITY
A. Fidelity
Here, we are going to look at the fidelity function and
try to establish a bridge between QPTs and fidelity in
considerable detail through the QCC. As we know, a
QPT identifies any point of non-analyticity in the ground
state energy of an infinite lattice system17. Convention-
ally, local order parameters are needed to detect the non-
analyticity in the ground state properties as the system
varies across the quantum critical point (QCP). However,
the knowledge of the local order parameter is not easy
to retrieve from a general many-body system for which
Eq. (2) can in general be written as Hamiltonian:
H = H0 + λHλ, (2)
where λ is a variable which typically parameterizes an
interaction and exhibits a phase transition at some crit-
ical value λc. In this form Hλ is then recognized as a
3FIG. 2: (Color online.) The Fidelity as a function of the transverse magnetic filed h, for different chain lengths N =
8, 12, 16, 20, 24 and exchanges L1 = 1.0, (a) J1 = −3.0, J2 = 3.0, (b) J1 = 3.0, J2 = 3.0, (c) J1 = −3.0, J2 = 0.5 and (d)
J1 = 3.0, J2 = 0.5 .
term that drives the phase transition27. Recently, quan-
tum fidelity, also referred to as the ground state fidelity,
sparked great interest among the community to use it
as a probe for the QCP28,29. The fidelity is given by
the modulus of the overlap of normalized ground state
wave functions |ψ(λ)〉 and |ψ(λ+ δλ)〉 for closely spaced
Hamiltonian parameter λ and λ + δλ. In other words,
the fidelity defines the overlap between two neighboring
ground states of a quantum Hamiltonian in the parame-
ter space30, i.e.,
F (λ, λ+ δλ) = |〈ψ(λ)|ψ(λ + δλ)〉|. (3)
Here we have selected the magnetic field as a space
Hamiltonian parameter λ. Fig. 2 shows the ground state
fidelity of the QCC as a function of h with parameter
interval δh = 0.01 for different regions of the GSPD. The
presented numerical results in Fig. 2 cover all four re-
gions and regard chains with lengths N = 8, 12, 16, 20, 24.
As shown in Fig. 2 for the first region of the GSPD in
which no QPTs occur, there is a size effect with the coef-
ficients of the ground state eigenvector in the absence of
a magnetic field. Increasing the magnetic field vanishes
this size effect in a way that overlapping of two defer-
ent neighbor ground states will enhance as the value of
fidelity close to one in large enough magnetic fields. In
contrast, the results of fidelity’s calculation of the region
(II.) shown in Fig. 2(b) indicate that in this region of
the GSPD and in small magnetic fields (h → 0) there
is no size effect on the coefficient of the ground state
eigenvector. It seems that the sharp drops of fidelity can
be described with a dramatic change in the structure of
the ground state of the system during the QPTs. Away
from these points, the fidelity almost equals to unity, and
in other words, the ground states overlap to each other
completely. In Fig. 2(c) and Fig. 2(d) we have plotted
the fidelity function related to regions (III.) and (IV.)
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FIG. 3: (Color online.) (a) The fidelity susceptibility as a function of the transverse magnetic field h for chain length N =
8, 12, 16, 20, 24 and exchanges L1 = 1.0, J1 = 3.0, J2 = 3.0 for the 2nd region of the GSPD (h
Th
c1 and h
Th
c2 are the theoretical
results for critical fields obtained from exact solution26), (b) lnχmaxF versus lnN for both of its critical points. (c) and (d) the
best polynomial fitting of h∗ versus 1/N respectively for the first critical point and the second one.
respectively. In each of these figures, one can obviously
recognize an abrupt drop for the 3rd and 4th regions of
the GSPD correspondingly. As shown in three last fig-
ures, the number of particles greater, the drops at the
critical fields sharper. In fact, at the critical points since
the ground state eigenvector replaced with another or-
thogonal quantum state eigenvector, the fidelity between
two different ground states will near to zero in the ther-
modynamic limit no matter how small the difference in
parameter δh is. Therefore, it is concluded that the fi-
delity can describe quantum phase transition in its own
way. However, how close to the really critical fields from
the finite size scaling is assigned to the next section.
B. Fidelity Susceptibility
Though borrowed from the quantum information the-
ory, fidelity has been proven to be a useful and powerful
tool to detect and characterize QPTs in condensed mat-
ter physics30. In order to remove the artificial variation
of external parameters, the concept of fidelity suscepti-
bility is introduced27. Using Eq. (3), a series expansion
of the ground state fidelity, can then be written as:
F (λ) = 1− (δλ)
2
2
∂2F
∂λ2
, (4)
where ∂2λF ≡ χF is called the fidelity susceptibility. If
the higher-order terms are taken to be negligibly small,
then the fidelity susceptibility is defined as
χF =
2(1− F (λ))
δλ2
≡ lim
δλ→0
−2 lnF
(δλ)2
. (5)
Figures 3 (a), 4 (a) and 4(b) show the numerical re-
sults of the per site fidelity susceptibility of the QCC
in the 2nd, 3rd and 4th region of the GSPD respec-
tively. It can be seen that the averaged fidelity suscep-
tibility for different N all show peaks at pseudo-critical
fields h∗ in where χF /N becomes more pronounced for
more particles (N). We can deduce that at these pseudo-
critical points χF /N is an extensive quantity. However,
it can be seen that on both sides around the these points
(off-critical fields), the averaged fidelity susceptibility is
an intensive quantity, i.e. χF ∼ N . From the scaling
relation31–33χF (h∗) ∼ N2/dν at the pseudo-critical point,
a linear dependence for the maximum fidelity suscepti-
bilities χmaxF on N
2/dν is expected. The critical exponent
ν, is the correlation length exponent at the critical point
and d is the dimension of the system that here d = 1.
TABLE I: Correlation length exponents for different regions
of the GSPD.
region of the GSPD correlation length exponent
(ν)
II the 1st critical point 1.11± 0.01
the 2nd critical point 1.01± 0.01
III 1.03± 0.01
IV 0.99± 0.01
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FIG. 4: (Color online.) The fidelity susceptibility as a function of the transverse magnetic field h for chain length N =
8, 12, 16, 20, 24, and their insets indicating the best polynomial fitting of h∗s versus 1/N for exchanges (a)J1 = −3.0, J2 = 0.5
related to the 3rd region of the GSPD,(b)J1 = 3.0, J2 = 0.5 regard to the 4th region of the GSPD (c) lnχ
max
F versus lnN for
the 3rd region and (d) lnχmaxF versus lnN for the 4th region.
This is confirmed by the results shown in Fig. 3(b), in
which lnχmaxF scales linearly with lnN at pseudo-critical
points, and the slope is related to the critical exponent
of the correlation length as 2/ν. The results related to
calculation of correlation length exponents for various re-
gion of the GSPD are shown in the Table.I.
On the other hand, Zanardi and et.al34 claimed that
the difference between the position of the pseudo-critical
point (h∗) and the real critical point (hc) is inversely
related to the number for a finite chain with a relation
such as |h∗ − hc| ∼ N−1/ν . With the increasing of the
size N the positions of pseudo-critical point (h∗) come
close to the really critical points. Where L = N1/d is the
system size which is related to the number of particles N ,
and d standing for dimensionality. Our calculations show
that this relation needs some more corrections. As shown
in the Figs. 3(c) and (d) related to the 2nd region of
the GSPD of QCC, the peak positions of pseudo critical
fields h∗s are plotted as a function of (1/N)1/ν . Also, the
insets of the Figs. 4(a) and (b) are devoted to the best
polynomial fitting of data for the 3rd and 4th region of
the GSPD. These best polynomial fittings are listed in
the Table.II.
This analysis shows that the |h∗−hc| ∼ N−1/dν should
be replaced with |h∗ − hc| ≈ c1N−1/dν + c2N−2/dν + ....
Where c1 and c2 are the coefficients. Comparing this
corrected relation with our results we can obtain hc1 =
1.202, hc2 = 1.714 for the 2nd region of the GSPD, and
hc = 0.641 and hc = 1.096, for the 3rd and 4th region
TABLE II: The functions of the pseudo critical fields versus
N1/ν for the different regions of the GSPD.
region of the GSPD position of pseudo critical fields
(h∗)
II the 1st critical point h∗1 ≈ 1.202 + 0.241N
−1/νc1
+5.029N−2/νc1 − 8.473N−3/νc1
the 2nd critical point h∗2 ≈ 1.714 − 0.587N
−1/νc2
−11.827N−2/νc2 + 35.482N−3/νc2
III h∗ ≈ 0.641 − 1.151N−1/ν
+12.245N−2/ν − 48.063N−3/ν
IV h∗ ≈ 1.096 − 1.888N−1/ν
−24.322N−2/ν − 141.820N−3/ν
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FIG. 5: (Color online.) Data collapse for the χF /L
2/ν for
different chain lengths N = 8, 12, 16, 20, 24 and exchanges
L1 = 1.0, J1 = 3.0, J2 = 3.0, 2nd region of the GSPD (a)
for the first critical point νc1 = 1.11. (b) for the second criti-
cal point νc2 = 1.01
of the GSPD in the thermodynamic limit. Comparing
these values of critical points to those (hThc )s obtained
from us previous work26 (
√
J1(L+J2)
2 and
√
−J1(L−J2)
2 ),
our results, here are well consistent with the exact critical
points. In the checking the correctness of obtained ν
one way is investigating the finite-size scaling behavior of
fidelity susceptibility. For this reason, we are following
a scaling technique in which all graphs collapse on each
other. The scaling technique is based on the divergence
of fidelity susceptibility closed to the critical points (Figs.
3) and the power law scaling from previous discussion, we
expect that the behavior of χF on finite systems in the
neighborhood of quantum critical point be defined33,35
as χF = L
2/νfχF (L
1/ν |h − h∗|) where f is an unknown
regular scaling function. The obtained data collapse plots
are displayed in Fig .5 in which (a) the used value of
ν is 1.11 and (b) the value of ν is 1.01. On the other
hand, to check the scaling function and correctness of
previous results of the 3rd and 4th region, the obtained
data collapse plots are displayed in Fig .6 in which (a)
the used value of ν is 1.03 and (b) the value of ν is 0.99.
IV. ENTANGLEMENT OF ENTROPY
Entanglement of entropy quantifies the entanglement
between a block of L contiguous spins and the rest of the
chain (ROC) and defined as:
EνN = −〈log ρˆA〉 = −TrA[ρˆA log ρˆA], (6)
ν
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FIG. 6: (Color online.)Data collapse for the χF /L
2/ν for dif-
ferent chain lengths N = 8, 12, 16, 20, 24 and (a) exchanges
L1 = 1.0, J1 = 3.0, J2 = −0.5, the 3rd region of the GSPD
νc = 1.03 and (b) exchanges L1 = 1.0, J1 = 3.0, J2 = 0.5, the
4th region of the GSPD νc = 0.99
where ρˆA = TrB[ρˆA], and ρˆ is the density matrix of the
ground state. It is assumed that the system consists of
subsystems A and B. The entanglement of entropy (EE)
quantifies the information describing the entanglement
between the subsystems A and B. For QCC in which a
unit cell consists of three particles, entanglement between
various multi-spin blocks and the ROC can be studied.
One-particle, two-particle and three-particle blocks are
properly selected for a numerical experiment. In addi-
tion, because of the existence of different exchange cou-
plings in odd and even links, it is expected that various
two-particle blocks in different links have different EE be-
haviors. In this section, we set to calculate the EE in all
GSPD of QCC and for various blocks, however, to pre-
vent of redundancy, the scaling behavior of this quantity
is assigned to another work36.
For the 1st region of the GSPD, Figs. 7(a) and (b) are
devoted to describe the behavior of EE between selected
blocks and ROC. The Fig. 7(a) describes EE treatment
between one-particle and three-particle blocks with ROC.
This plot presents that in the absence of a magnetic field
both selected blocks are entangled with the ROC. De-
spite the different amounts, EE has a similar descending
behavior for different blocks.
Furthermore, Fig. 7(b) is devoted to EE behavior of a
two-particle block placed on an odd and an even link re-
spectively. This figure presents that a two-particle block
located at an odd link is entangled with the ROC hun-
dred times as much as a two-particle block of an even
7ν
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FIG. 7: (Color online.)Entanglement of entropy as a func-
tion of the transverse field h for different chain lengths N =
16, 20, 24 and exchanges L1 = 1.0, J1 = −3.0, J2 = 3.0 (a)
entanglement of one-particle block (1-P.B.) and three-particle
block (3-P.B.) with the rest of system. (b) entanglement of
two-particle blocks located in odd (2-P.B.O) and even links
(2-P.B.E) with the rest of system
link does. In other words, a pair with a strong coupling
does not see the rest of the system. It indicates the value
of entanglement between a two-particle block with the
rest of the system is more dependent on the power of
exchange couplings connecting the block with the ROC
than the power of exchange coupling between two par-
ticles in the own block. Odd link couplings (J1, J2) are
stronger, but the calculated EE value of them is very
smaller than those of even links (L1) having relatively
weaker couplings. By increasing a magnetic field, never
again does the entanglement of entropy reach to the val-
ues related to the absence of a field. It means that for
ν
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FIG. 8: (Color online.)Entanglement of entropy as a func-
tion of the transverse field h for different chain lengths N =
16, 20, 24 and exchanges L1 = 1.0, J1 = 3.0, J2 = 3.0 (a) en-
tanglement of one-particle block (1-P.B.) and three-particle
block (3-P.B.) with the rest of system. (b) entanglement of
two-particle blocks located in odd (2-P.B.O) and even links
(2-P.B.E) with the rest of system.
this region of the GSPD, every block shows a reduction
treatment in the presence of a magnetic field.
As previously mentioned the 2nd region of the GSPD
has twice as many critical fields as the 3rd and 4th re-
gions do. For this area of GSPD the EE between a
single-particle and the rest of the system is shown in the
Fig. 8(a), as well as, the treatment of EE related to the
three-particle block is available too. In the absence of
a magnetic field; it is clearly seen that a single-particle,
independent on its location in the chain, is entangled
with ROC. With increasing of a magnetic field, up to
the first critical field, this situation will remain. At the
8ν
ν
FIG. 9: (Color online.)Entanglement of entropy as a func-
tion of the transverse field h for different chain lengths N =
16, 20, 24 and exchanges L1 = 1.0, J1 = −3.0, J2 = 0.5 (a) en-
tanglement of one-particle block (1-P.B.) and three-particle
block (3-P.B.) with the rest of system. (b) entanglement
of two-particle blocks located in odd (2-P.B.O) and even (2-
P.B.E) links with the rest of system.
first critical field, a severe reduction of the entanglement
begins. This decrement is continuous until the magnetic
field reaches to the 2nd critical point. This point has
less reduction rate than the first critical point and for
the bigger values of magnetic fields, the entanglement
will be vanished. Also a three-particle block is entangled
with ROC in the fields less than hc1 ≈ 1.2, both parts of
the system tend to be more entangled for hc1 < h < hc2 .
However, for hc2 ≈ 1.7 < h, EE will be over.
Another main point is the different behavior of the
entanglement of entropy for various two-particle blocks
with the ROC. As shown in the Fig. 8(b), this behavior
ν
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FIG. 10: (Color online.)Entanglement of entropy as a func-
tion of the transverse field h for different chain lengths N =
16, 20, 24 and exchanges L1 = 1.0, J1 = 3.0, J2 = 0.5 (a) en-
tanglement of one-particle block (1-P.B.) and three-particle
block (3-P.B.)with the rest of system. (b) entanglement of
two-particle blocks located in odd (2-P.B.O) and even (2-
P.B.E) links with the rest of system.
depends on where a two-particle block is. In the absence
of a field, if a block is located at an odd link with cou-
plings (J1, J2), it almost will not be entangled with the
ROC, otherwise a two-particle block in an even link, with
coupling (L1), will be entangled with ROC.
Also, amount of entanglement of a two-particle block
in an odd link is the same as that of an even link in a
factorized point36 independent on where the blocks are.
This point approximately occurs at hf ≈ 1.7.
In the sequence of surveying the EE, we will receive to
the 3rd and 4th regions of GSPD. One- and three-particle
blocks entanglement have qualitatively similar behavior
9for the 3rd and 4th regions. As presented in Fig. 9(a)
and Fig. 10(a) one-particle block entanglements for these
regions are recognizable to the three-block entanglement
since for both of regions one-particle block starts from
a value near 1 and reduces from their critical fields to
vanish in the larger magnetic field.
However, three-particle block for both of 3rd and 4th
regions has the larger entanglement amount than the one-
particle block. In addition, cusps near critical fields as
presented in Fig. 9(a) and Fig. 10(a) specify the three-
particle block entanglement.
Beside, for the 3rd and 4th regions odd- and even-
block entanglements have almost near value (Fig. 9(b)
and Fig. 10(b)) , in contrast with the 1st and 2nd re-
gions in which the difference of the values even reaches
to hundred times. It is because, the value of J2 in odd-
links for the 3rd and 4th regions is much less than that of
the 1st and 2nd regions. Furthermore, in the 4th area of
GSPD we can observe a factorized point (like 2nd area)
in which amount of entanglement for even and odd-links
are the same36. For this area, the factorized point is
approximately equals to hf ≈ 0.8.
V. CONCLUSION
In this paper, we have considered the 1D quantum
compass model with the periodic boundary conditions in
the presence of an external transverse magnetic field. By
using the exact diagonalization approach, we obtained
some magnetic response functions at zero temperature.
First, we have calculated the fidelity and fidelity suscep-
tibility. Our computation of the fidelity shows that this
quantity has maximum value (F ≈ 1) for all fields, and
some abrupt drops are observed as the magnetic field
reaches near a quantum critical point. Dropping in fi-
delities raises the cusps in fidelity susceptibilities. We
show that the difference between the position of the sharp
drop of fidelity h∗ from real critical field hc is inversely
related to the number of particles with a relation such
as h∗ = hc + ΣjcjN
−1/ν for a finite chain. In this re-
lation ν is the correlation length critical exponent. The
scaling behavior of the extremum of fidelity susceptibil-
ity shows that the amount of ν depends on the selected
area of GSPD. From the scaling relation governing to
pseudo-critical points, a linear dependence for the maxi-
mum fidelity susceptibilities χmaxF on N
2/dν is obtained.
The critical exponents ν obtained from the finite size
scaling are different for the various regions of the GSPD
of QCC. As a matter of fact, because of the different
employed method to obtain these results, they are a bit
different from those of Ref.[25]. Also it was observed that
fidelity susceptibility per site or averaged fidelity suscep-
tibility (χF /N) is an intensive quantity in the off-critical
fields and extensive in the critical fields.
On the other hand, we have looked at the Von-
Neumann entropy for one-, two- or three-particle blocks
in the chain and presented that a two-particle block lo-
cated at an odd link can be entangled with the ROC,
hundred times as much as a two-particle block of an even
link. It indicates the value of entanglement between a
two-particle block with the rest of the system is more
dependent on the power of exchange couplings connect-
ing the block with the rest of the system than the power
of exchange coupling between two particles in the own
block. In facts, a pair with a strong coupling does not
see the rest of the system. Also, in the 2nd and 4th re-
gion of GSPD, amount of entanglement of a two-particle
block in an odd link is the same as that of an even link
in a factorized point independent on where the block is.
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